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Material/Geometry Adaptive Shape Functions for Rayleigh-Ritz
Vibration Analysis of Composite Plates

Jong-Eun Kim* and Nesrin Sarigul-Klijn’
University of California, Davis, Davis California 95616

New shape functions, which are adapted to changes of aspect ratio and material properties of composite plates re-
ferred asmaterial/geometry adaptiveshapefunctions,havebeen developed to improvethe accuracy of the Rayleigh-
Ritz method for vibration analyses. The comparisons of free vibration analysis using these adaptiveshape functions
to the mode shapes from literature show suitability and accuracy of these adaptive shape functions. These shape
functions and the frequency equations of composite plates are presented for five different cases of boundary
conditions. To obtain accurate results, up to 13 modes are used in the Rayleigh-Ritz formulation. The effect of ply
orientation angle on the vibration response using this method is investigated. The results of free vibration responses
using new adaptive shape functions show excellent agreement with those of finite element analysis.

Introduction

HE Rayleigh-Ritz (R-R) method is a simple modal approxi-
mation approach for computing plate deflections and is widely
used in many applications including aeroelastic instability predic-
tion of lifting surfaces.!”> Although the R-R method has limited
applicability when applied to complex geometries, it still is attrac-
tive due to its capability to yield superior accuracy with minimal
computational requirements. The accuracy of the R-R method is
highly dependent on the shape functions assumed to represent the
actual deformations. The assumed shape functions must at least sat-
isfy the geometricboundary conditions.For example, for acroelastic
analysis of rectangular lifting surfaces simulated by a cantilevered
plate, the shape functions of beam bending and torsion modes have
been used for the predictionsof the plate bending and torsion modes.
In this paper, a new shape function extractionmethod is presented
to predict the vibration modes of composite plates accurately with-
outincreasingcomputationalcosts using five differentcases of plate
boundary conditions. Note that Hamilton’s principle allows extrac-
tion of the shape functions for not only the bending modes but also
the torsion modes. The suggested shape functions are adaptive to
changesof aspectratio and material propertiessuch as the thickness,
fiber orientation, and stacking sequence of the individual plies of
composite plates.

R-R Formulation
Hamilton’s principle for a nonconservative elastic system is ex-

pressed as
2} 5]
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where § W is the virtual work done by external forces and ¢, and 1,
are the initial and final times of the motion, respectively. The kinetic
energy for a plate neglecting in-plane displacementsis given by
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where p is the mass per unit area and w is the transverse deflec-
tion. The strain energy for a symmetric anisotropic laminated plate
(Fig. 1) neglecting in-plane displacements is given as*
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where D;; are the flexural moduli, which depend on the fiber ori-
entation and stacking sequence of the individual laminas. The R-R
method begins with assuming structural deformation shapes by su-
perposition of a finite number of shape functions given as

w= Y yx 1g0) @

i=1

where g; (¢) is the generalized displacementof the ith mode, n is the
total number of modes, and y;(x, y) are the approximate deforma-
tions or shape functions. These are

yi(x, y) = &;(x)¥; () (5)
where ®(x) and W(y) are independent shape functions of x and
v, respectively. When Eq. (5) is substituted into Egs. (2-4) and
Lagrange’s equation, the system matrix for free vibration can be
expressed in a matrix form as

[M]g; + [Klg:i =0 6)

where [M] and [K] are n x n mass and stiffness matrices, respec-
tively.

New Shape Functions for Torsion and y-Direction
Bending Modes

The accuracy of the R-R method is highly dependenton the shape
functions chosen to represent the deformation shapes of a plate. In
the case that the plate has two opposite free edges parallel to the
x direction and the other two edges parallel to the y direction as
either built-in (clamped), simple supported or free, the x-direction
bending,torsion, and y-directionbending modes can representthree
types of primary deformation shapes for moderate ranges of aspect
ratio. The aspect ratio AR of the plate is defined as a ratio of the
x-direction length L to the y-direction length ¢ (R=L/c ). The
chosen shape functions must satisfy geometric boundary conditions
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Fig. 1 Composite plate model layout ([+ 6/0]; laminate).

ataminimum. The beam torsionmode (based on St. Venant’s theory)
has been used for the torsion mode of cantilevered plates'->3

&y, (x) = sin(mmwx/2L), Vr(y) =y/c

m=1,3,57... (1

Note that @, (x) in Eq. (7) does not satisfy the geometricboundary
conditionof a cantileveredplate (d®/dx # 0 at x =0). Moreover, in
the same references the assumption that the midspan has maximum
y-direction curvature for y-direction bending mode

®c(x) = (x/L)(1 — x/L), Ve(y) =4(y/e)’ =3 ®)

results in ®.(x) that does not satisfy the geometric boundary con-
dition. In the next section, new x-direction shape functions ®; and
® that satisfy all of the boundary conditions of a plate will be
suggested.

New Shape Function Extraction Method

To formulate shape functionsto representaccuratelythe deformed
shape, the following procedureis suggested. When Eq. (5) is substi-
tuted into Eqs. (2-4), variation on Eq. (1) is taken, and simple har-
monic motion is assumed, one governing equation for x-direction
shape function & is obtained:

d*® N |:2a2L2 Dy, 4a,L? D(,(,i| o

dx4 a, Dy a, Dy |dx?
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where X is the nondimensionalcoordinate X = x /L and the boundary
equations are

d(é®)
dx

1
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The unknown coefficients are
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If W(y) is given, Eq. (9) becomes an ordinary differential equation
as a function of @ only. For each mode W(y) can be assumed as
follows.!?

For pure x-direction bending mode:

Yy =1 (12a)
For pure torsion mode:
V(y)=y/c (12b)
For pure y-direction bending mode:
W(y) =4(y/0)’ — % (12¢)

In the case of a pure x-direction bending mode, the coefficients

become
a, =c, G=a;=a,=as=as =0 (13)

Therefore, the governing equation becomes

do

i Bd=0 (14)
where

/34 = wsz4/D11

This equation yields the same shape functions and frequency equa-
tions as the transverse vibration of a beam.’
In the case of a pure torsion mode along the x direction, the
coefficients become
a; =c/12,

a; =1/c, a=a;=as=as=0 (15)

Therefore, the governing equation becomes

o do
Br - = KRd =0 (16)
where
Br = L k2 = ﬂ
48Dgs R’ T 48Dgs R>

The solutionof ® (¥) can be obtained by letting k2 = g2 (1 + Brg2)
as follows:
®(X) = B cosgrX + BysingrX + Bz cosh frX + By sinh frX
(17)
where f7 = g7 +1/Br.

In the case of a pure y-direction bending mode, the coefficients
become

a, = 4c /45, as = 64/c*, a, =16/3¢
a2=a5=a6=0 (18)
Therefore, the governing equation becomes
o d*o
— ———kKd=0 19
Pegr —qm e 19
where
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Table 1 Composite plate x-direction shape functions and frequency equations for pure torsion modes

Cases Boundary conditions x-Direction shape functions [frequency equations]
B-F F
B F &7;(¥) = singr; X + (gri/fri)(cosh fr;X — sinh fr;¥ — cos gr;X)
¥ F 283, fii + (gTi I — &% f72-,-) sin gr; sinh fr; +(f75-,- + g?—,-fTi) cos gri cosh fr; =0
L,
S-F F B ) _ gosingri ~
(DTI'(X) =Ssmgr;x + 271—1 sinh fTix
S F fT,' sin thi
F g?.l. singr; cosh fr; — ff.l. cos gr; sinh fr; =0
B-S F 8Ti
(bTi (.)?) = sin gT,')? + __I.(COSh fT,')? — sinh fT,')? — COSgT,')?)
1
B S (g?—,- Sfri+ f73-,-) sin gr; cosh fr; —(g?-,. + g7‘if72-,-) cos gr; sinh fr; =0
S-S
o . singri - 2 2 ; —
S g Op; (X) =singr;x — Sinh fr; sinh fr; X, (gTI. + fTI.) sin gr; sinh fr; =0
F
B-B
F - . -, &8ri - - -
®7; (X) = sin gr;X + =— (cosh fr;X — sinh fr;X — cos gr; %)
Ti
B B . .
. 2gri fri + (f72-,- - g?—,-) sin g7; sinh fr; —2g7; fr; cos gr; cosh fr; =0

The solution of @ (X) can be obtained by letting k2 = g2 (1 + BcgZ)
as follows:

®(X) = By cosgcXx + B, singeX + By cosh foX + By sinh fox
(20)

where f2=gZ+1/Bc.

Adaptive Shape Functions for Five Distinct Cases

In this section, the x-direction shape functions and frequency
equations for torsion and y-directionbending modes of a composite
plate are formulated for five distinct cases of different boundary
conditions.” For each case, four independent linear homogeneous
equations, which are obtained by substituting two edge conditions
into Eq. (17), result in the x-direction shape function and frequency
equation for torsion mode, which are given in Table 1. The edge
conditions for torsion modes are obtained from Eq. (10).

For built-in edge (B)

=0 4o =0 (21a)
=0, = = a

For simple support edge (S)

2P
o =0, FE =0 (21b)
For free edge (F)

o _ $o do 1o
aw T T ¢

The shape function for the built-in-free (B-F) case in Table 1 is
identicalto the results of the partial Ritz analysis (see Refs. 8 and 9),
which assumes y (x, y) as [y (x) + y6(x)], where y (x) and 6 (x) are
independentfunctions of x. Through this partial Ritz analysis, how-
ever, the shape function for y-direction bending mode cannot be
obtained because the y-direction vibration mode is excluded. In the
procedure presented herein, the shape functions for the y-direction
bending mode can be easily obtained by applying the similar step
to find the torsion mode. The x-direction shape functions and fre-
quency equations for y-direction bending modes are identical to
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Fig. 2 Comparisons of x-direction shape functions for torsion mode,
AR =4,B-F case.

torsion modes with the exception that B¢, g¢, and f¢ are substi-
tuted for Br, gr, and fr, respectively.

The proposed shape functions are adaptive to changes of R and
material properties such as the ply thickness, fiber orientation an-
gle, and stacking sequence. The adaptability is a result of choosing
the shape functionsbased on the coefficients g7; and f7;, which are
calculated from frequency equations(see Table 1). The f; are func-
tion of B7, which includes AR and flexibility modulus D;;. Figure 2
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shows the x-direction shape functions for the torsion mode to
show the adaptability of new shape functions to changes of ply
orientation angle and the comparison with beam torsion mode in
Eq. (7). Figure 3 shows the assumed y-direction bending mode us-
ing the new adaptive shape functions as compared to one from the
literature [Eq. (8)] demonstrating the suitability of the proposed
functions. Unlike the mode obtained using Eq. (8) based on the
assumption that the midspan has maximum y-direction curvature,
the new shape functions yield a mode that shows the maximum
y-direction curvature to appear at the plate tip for the B-F case.
In addition, these functions satisfy all of the geometric boundary
conditions.

The suggested shape functions are for pure bending and pure tor-
sion modes, which means that coupled mode shapes and stiffness
coupling terms D, Dg, and D,4 are not considered in these shape
functions. To take into account the coupling effects of these modes
inthe analysis,up to six x-directionbending (B) modes, up to six tor-
sion (T) modes, and one y-directionbending (C) mode are used in the
R-R formulation.The bending-torsioncouplingeffectsare included
during constitution of the stiffness K matrix as off-diagonal terms.

Results and Discussion

The material properties of Hercules AS1/3501-6 graphite/epoxy
are used in this effort. To compare the results of the R-R method,
a finite element analysis (FEA) using 400 thin plate elements is
conducted. A commercialcode ABAQUS, version 5.6, was available
for this purpose.

In this work the total number of modes for the R-R formulationis
extendedup to 13 modes to obtainaccurateresults. The 13,11,9, and
7 modes in Table 2 indicate the total number of modes consisting of
6B+ 6T+ 1C, 5B+5T+ 1C, 4B+4T+ 1C, and 3B+ 3T+ 1C,
respectively. As it can be seen from the numerical results, the anal-

Table2 Convergence test of natural frequencies (Hz) using new
shape functions, R = 2 (L = 0.1524), B-F case, [+ 45/0]; laminate

Modes
Mode? FEA 13 11 9 7
1B 24.09 25.03 25.21 25.22 25.25
1T 141.51 140.72 144.36 144.44 144.45
2B 151.36 153.82 154.76 156.98 157.04
2T 458.17 490.98 494.36 495.15 497.44
1C 702.02 782.77 785.86 825.63 865.54

First (1) and second (2) modes respectively.

Table3 Comparison of natural frequencies (Hz),
AR =1 (L =0.0762), B-F case, [+ 45/0]; laminate

New shape Shape functions
Mode FEA functions from literature
1B 100.76 102.97 (2.19) 99.64 (1.12)
1T 320.92 334.33(4.18) 284.11(11.47)
2B 600.20 604.28 (0.68) 632.94 (5.48)
1C 859.14 977.16 (13.74)  1032.95(20.23)
2T 1098.40 1173.36(6.82)  1495.14(36.12)

(% Error = |[FEA — R-R method|/FEA x 100.)

ysis using a large number of modes shows better agreement with
results using FEA.

Table 3 shows the results of free vibration analysis using the
new shape functions compared to the results using the functions
in Eqgs. (7) and (8). The results show that the analysis using the
new functions yields improved solutions, and the first y-direction
bending mode of FEA is identical to the assumed shape using the
new shape functions, as shown in Fig. 3b.

Figure 4 shows the effects of ply orientation angle on the free
vibration response using the new shape functions. The [£45/0];
laminate has the highestnatural frequencyfor torsionmodes, and the
[£0/0], laminate has the highest natural frequency for x-direction
bending modes, due to the stiffness directionalitiesof the composite
plates.

Finally, Table 4 shows the results from the free vibrationanalyses
of composite plates with various boundary conditions consisting of
B-F, S-F, B-S, S-S, and B-B. The results of the R-R method using
the new functions show excellent agreement with FEA results.
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Fig. 3 Assumed pure y-direction bending mode of a plate for B-F case.
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Fig. 4 Effects of ply orientation angle on the free vibration response,
AR =4,B-F case.

Table 4 Natural frequencies (Hz) for various cases of boundary conditions, R = 4, [+ 30/0]; laminate

Mode B-F S-Fe B-S S-S B-B
1 8.2(7.9)° 32.8(32.6) 34.6(35.1) 21.6(21.9) 502 (52.4)

2 47.9 (48.9) 61.5(61.2) 107.5(111.4) 85.3(85.8) 132.2(136.4)
3 65.6 (65.2) 111.4(110.2) 140.3 (136.1) 128.0 (127.0) 157.5 (150.1)
4 135.6(139.3) 191.4 (188.3) 226.7(237.0) 198.0 (199.1) 269.4 (276.4)
5 202.8 (200.8) 222.5(234.9) 298.9 (285.4) 283.2(266.6) 327.4(308.2)
6 265.9 (276.0) 340.3 (331.8) 431.9 (404.2) 337.2(356.2) 448.5 (452.5)
7 380.9 (353.2) 410.7 (402.4) 458.4 (468.2) 407.4 (435.8) 503.8 (506.9)

Skip rigid-body mode. °(FEA results.)
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Conclusions

New shape functions have been developed to improve the accu-
racy of the R-R method and are herein applied to free vibration
analyses of composite plates with different boundary conditions.
Unlike other studies, the suggested shape functions are adaptive to
changes of aspect ratio and material properties of composite plates
and satisfy all of the geometric boundary conditions. The plots of
assumed mode shapes using new adaptive shape functions, together
with the results of free vibration analyses, show the suitability and
accuracy of the proposed functions. The shape functions and fre-
quency equations for five different cases of boundary conditionsare
presented. The effects of ply orientation angle on the vibration re-
sponse are also provided. The results of the R-R method using the
new adaptive shape functions show excellent agreement with those
of finite element analyses.
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